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1 , Cauchy-Schwarz – H\"older .
H\"older – 2 , $1<p,$ $q<\infty,$ $1/p+1/q=1$
(1) $(|a|^{p}+|b|^{p})^{1/p}(|C|^{q}+|d|^{q})^{1/q}\geq|ac+bd|$ $(a, b, c, d\in \mathbb{C})$
. $(|a|^{p}+|b|^{p})^{1/p}$
(2) $(|a|^{p}+|b|^{p})^{1/p}= \max\{|ac+bd| : |c|^{q}+|d|^{q}=1\}$ .
$(a, b)\vdasharrow(|a|^{p}+\text{ ^{}p})^{l/p}$ . , H\"older
(3) $(a_{1}+a_{2})^{1/p}(b_{1}+b_{2})^{1/q}\geq a_{1}^{1/p}b_{1}1/q+a_{2}^{1/p}b21/q$ $(a_{1}, b_{1}, a2, b_{2}\geq 0)$
, $(a, b)\}arrow a^{1}/pb^{1}/q$ $a,$ $b\geq 0$ .




(1-1) H\"older ( ) $A$ Schatten P- $||A||:=(\mathrm{R}|A|^{p})^{1/p}$
H\"older
(4) $||AB||_{1}\leq||A||_{p}||B||_{q}$
. $A$ (i.e. $|A|$ ) $s_{1}(A)\geq s_{2}(A)\geq\cdots\geq s_{n}(A)$
, Horn
$\{$
$\prod_{i=1^{S_{i}(A}}^{kk}B)\leq\prod i=1s_{i}(A)_{S}i(B)$ $(k=1, \ldots, n-1)$
$\prod_{i=1}^{n}s_{i}(AB)=\prod^{n}i=1s_{i}(A)_{S}i(B)$
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. H\"older ,
(4) . ( [2, 3, 7, 9] . ) ,
(4) H\"older .
(1-2) Lieb Ando Lieb [8] (Wigner-Yanase-Dyson-Lieb
) : $x$
(5) $(A, B)\mapsto \mathrm{h}(X^{*1//}ApxB^{1}q)$ $A,$ $B\geq 0$ .
Ando [1]
(6) $(A, B)\mapsto A^{1/p}\otimes B^{1/q}$ $A,$ $B\geq 0$ .
, $M_{n}(\mathbb{C})\otimes M_{n}(\mathbb{C})$ $\langle$X, $Y\rangle$ $:=\mathrm{R}\mathrm{Y}^{*}X$ $M_{n}(\mathbb{C})$ $(A\otimes B)X:=AXB^{t}$
$\langle(A^{1/p}\otimes(B^{t})^{1/q})X, x\rangle=\mathrm{R}(X^{*}A1/pXB^{1}/q)$
, (5) (6) . (3) , $\mathrm{T}\mathrm{r}$
, .
(1-3) Cauchy-Schwarz $p=q=2$ , (1)
$\geq 0$
. $2\cross 2$
. , $A,$ $B,$ $C,$ $D$
$=\geq 0$ .
:
(7) $CC^{*}+DD^{*}=I$ ( $\leq I$) $\Rightarrow A^{*}A+B^{*}B\geq|CA+DB|^{2}$
( $(A^{*}A+B^{*}B)^{1/2}\geq|CA+DB|$ ).
$\geq 0\Leftrightarrow A\geq C^{*}C$
. , $C:=(A^{*}A+B^{*}B)^{-1}/2A^{*},$ $D:=(A^{*}A+B^{*}B)^{-}1/2B^{*}$
$CC^{*}+DD^{*}--I$ , $(A^{*}A+B^{*}B)^{1/2}=CA+DB$
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( $A^{*}A+B^{*}B$ ). , $p=q=2$
, (1) (2) . , Cauchy-Schwarz
.
\S 2. H\"older ( )
(2-1) (7) – $1<p<\infty,$ $1/p+1/q=1$
(8) $|C^{*}|^{q}+|D^{*}|^{q}=I\Rightarrow(|A|^{p}+|B|\mathrm{P})^{1/p}\geq|CA+DB|$ ?
, $p=q=2$ (7) . , 1
$P:=$ , $Q_{t}:=[_{t\sqrt{1-t^{2}}}t^{2}$ $t\sqrt{1-t^{2}}1-t^{2]}$ $(0<t<1)$
$P+Q_{t}=U_{t}U_{t}$ , $U_{t}:=[$ $-\sqrt{\frac{1+t}{2}}\sqrt{\frac{1-t}{2}}]$ .
$C_{t}:=(P+Qt)^{-1}/2P,$ $D_{t}:=(P+Q_{t})^{-}1/2Q_{t}$ , $C_{t}P+D_{t}Q_{t}=(P+Q_{t})^{1}/2$ ,
$C_{t}C_{t}^{*}$ $D_{t}D_{t}^{*}$ 1 $|C_{t}^{*}|^{q}+|D_{t}^{*}|^{q}=I$ . $(P+Q_{t})^{1/p}-(P+Q_{t})^{1/2}$
$(1\pm t)^{1/p}-(1\pm t)^{1/2}$ $p=2$ .
(2-2) H\"older , $A,$ $B\geq 0$ $1<p\leq\infty$ $(A^{p}+B^{p})^{1/}p$
. $p=\infty$ $(A^{p}+B^{p})^{1/p}$
$AB:= \lim_{parrow\infty}(A^{p}+B^{p})^{1/p}=\lim_{parrow\infty}(\frac{A^{p}+B^{p}}{2})^{1/p}$
( 2 ). $(A, B)\vdasharrow(A^{p}+B^{p})^{1/p}$
, $(A, B)\mapsto \mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}$ . , $A_{j},$ $B_{j}\geq 0$




. , $A_{1}=B_{1}$ $:=$ , $A_{2}$ $:=$ , $B_{2}:=$
(9) $=2^{1+1/}p+4\epsilon$ ,
(9) $=( \alpha_{1^{+\alpha}2}^{pp}+\frac{\alpha_{1}^{p}-\alpha_{2}^{p}}{\sqrt{1+\epsilon^{2}}})^{1}/p+(\alpha_{1}^{p}+\alpha^{p}-\frac{\alpha_{1}^{p}-\alpha_{2}^{p}}{\sqrt{1+\epsilon^{2}}}2)^{1/p}$ .
$\alpha_{1}:=1+\epsilon+\sqrt{1+\epsilon^{2}},$ $\alpha_{2}:=1+\in-\sqrt{1+\epsilon^{2}}$ . $\epsilon$
, $2<p<\infty$ $\epsilon>0$ (9)
. , $(A, B)\mapsto \mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}$ $2<p<\infty$ .
Carlen-Lieb [5] . Carlen-Lieb , $0<p<1$
$(A, B)\mapsto \mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}$ ( \S 4). $p=\infty$
, $1<p<2$ .
(2-3) , . $1<$
$p\leq\infty,$ $A,$ $B\geq 0$ $\mathrm{R}(A^{p}+B^{p})^{1/p}$ ,
:
$V_{p}(A, B):= \max\{^{\mathrm{r}}\mathrm{R}|CA+DB| : |C^{*}|^{q}+|D^{*}|^{q}\leq I\}$ ,
$\tilde{V}_{p}(A, B):=\max\{\mathrm{R}|CA+DB| : |C^{*}|^{q}+|D^{*}|^{q}=I\}$ .
, (2-2) , $2<P\leq\infty$ $\mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}=V_{p}(A, B)$
$\mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}=\tilde{V}(pBA,)$ – . , (2-1) $P,$ $Q_{t}$
.
$\mathrm{R}(P+Q_{t})^{1/p}=(1+t)^{1/p}+(1-t)^{1/p},$ $V_{p}(P, Q_{t}),\tilde{V}_{p}(P, Q_{t})$ ,
:
(i) $2\leq p\leq\infty$ , $V_{p}(P, Q_{t})=\tilde{V}(pP, Qt)=V2(P, Q_{t})$ .
(ii) $2<p<\infty$ , $0<t<1$ $\mathrm{R}(P+Q_{t})^{1/p}>V_{p}(P, Q_{t})$
$\mathrm{R}(P+Q_{t})^{1/p}<V_{p}(P, Q_{t})$ .
, $2<p<\infty$ , Tr H\"older
(10) $|C^{*}|^{q}+|D^{*}|^{q}=I\Rightarrow \mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}\geq \mathrm{R}|CA+DB|$ ? .
. $1<p<2$ , $(A, B)\mapsto \mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}$
, .
\S 3. H\"older ( )




, . $A=U|A|,$ $B=V|B|$ ( $U,$ $V$
), $C_{1}:=CU,$ $D_{1}:=DV$
$|C^{*}|=|C_{1}^{*}|$ , $|D^{*}|=|D_{1}^{*}|$ , $|CA+DB|=|C_{1}|A|+D_{1}|B||$ .
, (8) (10) , $A,$ $B\geq 0$ – .
(3-1) . $2\leq p,$ $q<\infty,$ $1<r\leq\infty,$ $1/p+1/q=1-1/r,$ $A,$ $B\geq 0$ , $0\leq\alpha\leq 1$ ,
$|C^{*}|^{q}+|D^{*}|^{q}\leq I$
$(A^{p}+B^{p})^{1/p}\geq|\alpha^{1/r}CA+(1-\alpha)^{1/}rDB|2$ .
, : $1<p<\infty,$ $0\leq\alpha\leq 1,$ $A,$ $B\geq 0$
(11) $(A^{p}+B^{p})^{1/p}\geq\alpha^{1-1/p}A+(1-\alpha)^{1}-1/pB$ .
(8) , $\alpha$ , $1<p<2$
. $rarrow\infty$ $\alpha^{1/r},$ $(1-\alpha)^{1/r}arrow 1$ ,
$p,$ $qarrow 2$ Cauchy-Schwarz . , (8)
, .
(3-2) . $1<p,$ $q<\infty,$ $1/p+1/q=.1$ , $A,$ $B,$ $C,$ $D\geq 0,$ $C^{q}+D^{q}\leq I$
$\mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/\mathrm{p}}\geq \mathrm{T}\mathrm{r}(CA+DB)$ .
(10) , $C,$ $D\geq 0$ , $\mathrm{T}\mathrm{r}|CA+DB|$
$\mathrm{R}(CA+DB)$ . $A,$ $B,$ $C,$ $D\geq 0$ – Tr $|CA+DB|>$
$\mathrm{T}\mathrm{r}(CA+DB)$ . $C,$ $D\geq 0$ ,
.








(3-4) . $1<p\leq 2,2\leq q<\infty,$ $1/p+1/q=1,$ $A,$ $B\geq 0$




$\leq\max\{\mathrm{R}|CA+DB| : \alpha^{1-2/q}CC^{*}+(1-\alpha)^{12}-/qDD^{*}\leq I(0\leq\alpha\leq 1)\}$
$\leq\min\{_{i=1}\sum(||Ae_{i}||^{p}+||Be_{i}||p)1/p\{:e_{i}\}nl\mathrm{h}\text{ }\}$ .





, $1<p\leq 2,0<r\leq 1/p$
$\mathrm{R}((A^{p}+B^{p})^{r})\leq\sum_{i=1}(||Aei||^{p}+||Bei||p)r$
. ( $\succ_{w}$ $\succ^{w}$ [2, 9] . )
\S 4. Carlen-Lieb
Carlen-Lieb $0<p<1$ , $1<p<\infty$ \iota |
, H\"older .
(4-1) . (Carlen-Lieb [5]) $0<p<1$ , $(A, B)\mapsto \mathrm{T}\mathrm{r}(A^{p}+B^{p})^{1/p}$ ( $A,$ $B\geq 0$
.
Epstein . , $\mathrm{A}:=$ ,






(4-2) . (Epstein [6]) $0<p<1,$ $B\geq 0$ , $A\geq 0\mapsto \mathrm{T}\mathrm{r}(BA^{p}B)^{1/p}$
.




. $R$ , $f(z)$ $\mathbb{C}\backslash [-R, R]$ , $f(\mathbb{C}^{+})\subset \mathbb{C}^{+}$ ,
$f(\mathbb{C}^{-})\subset \mathbb{C}^{-}$ ( $\mathbb{C}^{+},$ $\mathbb{C}^{-}$ , ). , $f(z)$ Pick
( Herglotz) $\infty$ . Pick ,
$\alpha\in \mathbb{R},$ $\beta\geq 0,$ $[-R, R]$ $\nu$






H\"older (3) . $A^{1/2}B^{1/}2$
$B^{1/4}A^{1/2}B1/4$ , $B\geq 0\mapsto B^{1/4}A^{1/2}B1/4$ . ,
, H\"older .
(5-1) 1J $A,$ $B\geq 0$ $AB$ $\lambda_{1}$ $(AB)\geq\lambda_{2}(AB)\geq$
.. . $\geq\lambda_{n}(AB)$ . $\lambda_{i}(AB)=\lambda_{i}(B1/2AB^{1/2})$ . $1\leq p,$ $q<\infty,$ $A_{j},$ $B_{j}\geq 0$
, $\lambda_{n}(\cdot)$
$\lambda_{n}((A_{1}^{p}+A_{2}^{p})1/p(Bq+1B_{2}^{q})1/q)^{p}q/(p+q)\geq\lambda_{n}(A_{1}\dot{B}1)pq/(p+q)+\lambda_{n}(A2B_{2})^{p}q/(p+q)$
(11) . , $A\geq 0\mapsto$
$\wedge^{k}A^{1/k}$ ( $A^{1/k}$ $k$ ) ([1]) ,
.
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. $1\leq p,$ $q<\infty$ $k=1,$ $,$ $..,$ $n$
$\{_{i=1}\square \lambda_{n}-i+1((A_{1}p+A^{\mathrm{P}}))^{1/p}k(B_{1^{+}}^{q}B_{2}q)1/qk)2\}kpq/(p+q)$
$\geq\{_{i=1}\prod^{k}\lambda_{\text{ }}-i+1(AB_{1^{/\}}}^{1})11/kkpq/(p+q)\{i=)\prod_{1}^{k}\lambda_{n}-i+1(A_{2}/kBpq+112^{/\}}k/(p+q)$ .
(5-2) $p=q=1/r$ $A_{j}^{p},$ $B_{j}^{q}$ $A_{j},$ $B_{j}$ , $0<r\leq 1$
$k=1,$ $\ldots$ ’ $n$
(13) $\{_{i=}\prod_{1}^{k}\lambda_{n}-i+1((A1+A2))r/k(B_{1}+B_{2})r/k)\}^{1/}2r$
$\geq\{\prod_{i=1}k\lambda_{n}-i+1(A^{r}/kBr)11/k\}^{1}/2r1/2r+\{i=1)\prod^{k}\lambda_{n-i1}+(A_{2}r/kBrk\}2/$ .
$(A, B)\mapsto\{\Pi_{i=1}^{k}\lambda_{n}-i+1(Ar/kB^{r}/k)\}^{1/r}2$ . $A_{1}=B_{1}=A$ ,
$A_{2}=B_{2}=B$
$\{\prod_{i=.1}^{k}\lambda_{n}-i+1(A+B)\}^{1/}\geq k\{\prod_{i=1}^{k}\lambda_{n-}i+1(A)\}1/k\{+\prod_{1}^{k}\lambda n-i+1(B)\}^{1}/ki=$
, oppenheim [$10|$ ( $[9|$ ) .
(5-3) (13) $rarrow 0$ .
. $k=1,$ $\ldots,$ $n$
$(A, B) \mapsto\{_{i=1}\prod^{k}\lambda n-i+1(\exp(\log A+\log B))\}1/2k$
.
\S 6.
\S \S 3-5 , . ,
. , (3-1)
– : $p,$ $q,$ $rl\mathrm{h}(3- 1)$ , $(\Omega, \mu)$ . $\Omega$
$A(\omega),$ $c(\omega)$ $A(\omega)\geq 0$ $A(\omega)^{p}$ $|C(\omega)^{*}|q$ , $\alpha(\omega)\geq 0$
$\int\alpha(\omega)^{r}d\mu(\omega)=1$
$( \int A(\omega)^{p}d\mu(\omega))^{1}/p\geq|\int\alpha(\omega)C(\omega)A(\omega)d\mu(\omega)|^{2}$ .
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, (3-2) : $1/p+1/q=1$ , $\Omega$ $A(\omega),$ $c(\omega)$
$A(\omega)\geq 0,$ $C(\omega)\geq 0$ $A(\omega)^{p}$ , $\int C(\omega)^{q}d\mu(\omega)\leq I$
Tr $( \int A(\omega)^{p}d\mu(\omega))1/p\geq \mathrm{R}\int C(\omega)A(\omega)d\mu(\omega)$ .
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